Let A be a Banach algebra and let ϕ be a non-zero character on A. Suppose that A M is the closure of the faithful Banach algebra A in the multiplier norm. In this paper, topologically left invariant ϕ-means on A * M are defined and studied. Under some conditions on A, we will show that the set of topologically left invariant ϕ-means on A * and on A * M have the same cardinality. We also study the left uniformly continuous functionals associated with these algebras. The main applications are concerned with the Fourier algebra of an ultraspherical hypergroup H. In particular, we obtain some characterizations of discreteness of H.
Introduction
Let G be a locally compact group and let A M (G) denote the closure of the Fourier algebra A(G) of G in the multiplier norm. Recently, Forrest and Miao [9] studied topologically invariant means on A M (G), and also studied the uniformly continuous functionals associated with some important group algebras such as A(G) and A M (G). Using the above theory, the authors proved that there is a bijection between left invariant means on V N(G) and A M (G) * . Various links with weakly almost periodic functionals, and with Arens regularity, are also explored. See also [16] for quantum group generalizations of these results.
In this paper, we shall prove an extension of these connections in the case of Banach algebra settings.
Let H be an ultraspherical hypergroup associated to a locally compact group G and a spherical projector π : C c (G) −→ C c (G) which was introduced and studied in [15] . In recent years people have become interested in studying the properties of the Fourier algebra A(H). For example, Shravan Kumar showed in [18] that there is a unique topological invariant mean on A(H) * if and only if H is discrete. More recently, Degenfeld-Schonburg, Kaniuth and Lasser investigated spectral synthesis properties of Fourier algebras on ultraspherical hypergroups in [8] . Alaghmandan characterized in [2] the existence of bounded approximate identities for Fourier algebras of ultraspherical hypergroups.
The paper is organized as follows. In Section 2, some preliminaries and notations are presented that will be used throughout the rest of the paper. In Section 3, we study on topologically left invariant ϕ-means on A * M and prove that for a faithful Banach algebra A with a certain condition, there is a bijection between topologically left invariant ϕ-means with norm one on A * and on A * M . We also show that the number of topologically left invariant ϕ-means with norm one on A * is equal to the number of topologically left invariant ϕ-means with norm one on LUC(A * ). We then prove that A M is an ideal in its second dual if and only if A is an ideal in its second dual. In Section 4, we give some application and additional results on hypergroup algebras, in particular on Fourier algebras of ultraspherical hypergroups. For example, we show that there exists a unique topologically invariant mean on A M (H) ca = 0. We define the multiplier seminorm · M on A by a M = sup b∈A, b ≤1 { ab , ba } (a ∈ A).
It is easy to see that · M is a norm on A if and only if A is faithful. Moreover, for each a ∈ A we have a M ≤ a . For faithful Banach algebra A we denote A M to be the completion of A with respect to the multiplier norm. Then, A M is a Banach algebra and contains A as a norm dense two-sided ideal.
Let B be a Banach algebra with norm · B . Then the Banach algebra
A is a Segal algebra in B if A is a dense, two-sided ideal in B and there exists a constant l > 0 such that
Therefore, A is a Segal algebra in A M . Thus, by [3, Theorem 2.1] we obtain that the character spaces of these two Banach algebras, denoted by ∆(A) and ∆(A M ), are homeomorphic. It is easy to check that A *
is a Banach
A-bimodule by the following actions:
We define the space of left uniformly continuous functionals on A as follows
Here, for a set Y in a Banach space, Y denotes the linear span of Y in the space. It is known that there are two multiplications and ♦ on the second dual A * * of A, called, respectivelly, the left and the right Arens products, each extending the multiplication on A. The left Arens product is induced by the left A-module structure on A. That is, for m, n ∈ A a ∈ A we have
Similarly, one can define the right Arens product. A Banach right A-submodule
and f ∈ X. In this case, X * is a Banach algebra with the multiplication induced by the left Arens product inherited from A * * . Examples of left introverted subspace of A * are LUC(A * ) and WAP(A * ), the space of weakly almost periodic functional on A; that is all f ∈ A * such that the set {a · f : a ∈ A, a ≤ 1} is relatively weakly compact in A * .
Topologically invariant ϕ-means and uniformly continuous functionals
Throughout this section let A be a Banach algebra and ϕ a character on A.
We start with the next definition which is the main object of the section.
Definition 3.1. Let A be a Banach algebra and let ϕ ∈ ∆(A) be a character on A. Suppose that X is a Banach right A-submodule of A * containing ϕ. Then m ∈ X * is called a topologically left invariant ϕ-mean (TLI ϕ ) on X if m(ϕ) = 1 and m, f · a = ϕ(a) m, f for all f ∈ X and a ∈ A. We denote the set of all topologically left invariant ϕ-means on X by TLI ϕ (X * ). If in addition to the above conditions, m = 1, then m is called a topologically left invariant ϕ-mean with norm one (TLIM ϕ ) on X. We also denote by TLIM ϕ (X * ) the set of all topologically left invariant ϕ-means with norm one on X.
Notice that, the set of topologically left invariant ϕ-means coincides with the set of ϕ-means introduced and studied in [11, 12] . A Banach algebra A is said to be ϕ-amenable if there is a topologically left invariant ϕ-mean on A * . Suppose that A is a faithful Banach algebra. Then A * is a Banach A M -bimodule with the following module actions: 
there is a sequence (a n ) ⊆ A such that a n − a M → 0. It follows that for each f ∈ A * and b ∈ A, we have
Since A M has a bounded right approximate identity, we obtain from the Cohen's Factorization Theorem and from(i) that A * · A M is a closed subspace of LUC(A * ). On the other hand,
Moreover, this linear functional agrees with f · a on A and f · a = i
where the product m · f ∈ A * is given by m · f, a = m, f · a for all a ∈ A. Moreover, it is easy to see that m L ≤ m . For each ϕ ∈ ∆(A), we put I ϕ := {a ∈ A : ϕ(a) = 0}, the ϕ-augmentation ideal in A which has co-dimension one.
Theorem 3.3. Let A be a faithful Banach algebra with a topologically left invariant ϕ-mean of norm one and
Moreover, for each and a ∈ A M , there is a sequence (a n ) in A such that
, and so
Thus,
Let n ∈ A * * be such that n = n(ϕ) = 1. Then there is a net (a i ) in A such that a i w * −→ n and a i → 1. Consider the functionalm ∈ A * * defined bym
By Proposition 3.2 (iv), the functionalm is well defined. From the above we conclude that
Moreover, m ≤ 1 and
Hence, m = 1; that means,m ∈ TILM ϕ (A * * ).
This shows that i * * (m) = m.
and a ∈ A.
Theorem 3.4. Let A be a faithful Banach algebra with a topologically left invariant ϕ-mean of norm one and A · I ϕ = I ϕ . Then the restriction map
Proof. It is clear that the restriction map R is well-defined and injective. We now claim that R is surjective.
where m ∈ A * *
Therefore,
Since we have A · I ϕ = I ϕ , it follows that n L (f )| Iϕ = 0 for all f ∈ A * . As ab − ba ∈ I ϕ for all a, b ∈ A, we get that
Furthermore, ñ ≤ 1 and
This shows that R(ñ) = n. Hence, R is surjective.
and a ∈ A. In addition, we can easily check that
This shows that f · a ∈ LUC(A * M ) and we have
To prove the reverse inclusion, for given a ∈ A M , there exists a sequence
Remark 3.6. Let A be a Banach algebra satisfying A · I ϕ = I ϕ . Then A · A = A. In fact, if we choose a 0 ∈ A such that ϕ(a 0
. Using Lemma 3.5 and by simple modifications of the arguments used in the proof of Theorem 3.3, we can prove this.
As an immediate consequence of Theorems 3.3, 3.4 and 3.7 we obtain the following result on the cardinality of the sets of topologically left invariant ϕ-means with norm one.
Corollary 3.8. Let A be a faithful Banach algebra satisfying A · I ϕ = I ϕ . Then we have Proof. First suppose that A M is an ideal in its second dual. Then for every a ∈ A M , the operator l a , defined as above, is weakly compact on A M . Suppose now that d = bc for some b, c ∈ A and let (a n ) be a bounded sequence in A. Then (a n ) is also bounded in A M . Hence, there exists a subsequence (a n j ) of (a n ) such that (ca n j ) is weakly convergent in
let (a n ) be a bounded sequence in A M . Then (ca n ) is a bounded sequence in A and so there is a subsequence (ca n j ) of (ca n ) such that the sequence (bca n j ) is weakly convergent in A.
, it follows that (da n j ) is weakly convergent in A M . By density of A · A in A M , we obtain that the operator l d is weakly compact on A M for all d ∈ A M . Similarly, for every d ∈ A M , the operator r d is also weakly compact on A M . Thus, A M is an ideal in A * * M .
We must recall some additional concepts. Following [12] , a functional m ∈ A * * is called a topologically two-sided invariant ϕ-mean if m(ϕ) = 1 and for each f ∈ A * and a ∈ A we have not only m, f · a = ϕ(a) m, f , but also m, a · f = ϕ(a) m, f . A is called two-sided ϕ-amenable if there exists a a topologically two-sided invariant ϕ-mean on A * . Proposition 3.11. Let A be a Banach algebra. If there is a topologically left invariant ϕ-mean m and a topologically right invariant ϕ-mean n on WAP(A * ), then m = n. In particular, if A is two-sided ϕ-amenable, then there is a unique topologically two-sided invariant ϕ-mean on WAP(A * ).
Proof. Suppose that there is a topologically left invariant ϕ-mean m and a topologically right invariant ϕ-mean n on WAP(A * ). By [6, Proposition 3.11], the left and the right Arens products coincide on WAP(A * ). Thus, topological invariance implies that m = n(ϕ)m = n m = n♦m = m(ϕ)n = n.
Let m be a topologically two-sided invariant ϕ-mean on A * and suppose that n is another topologically two-sided invariant ϕ-mean on WAP(A * ). It follows from above that m = n when restricted to WAP(A * ). That is, there is a unique topologically two-sided invariant ϕ-mean on WAP(A * ).
A Banach algebra A is called weakly sequentially complete if every weakly Cauchy sequence in A is weakly convergent. It is well-known that the predual of any von Neumann algebra is weakly sequentially complete; see [20] . In particular, L 1 (G) and A(G), the group algebra and the Fourier algebra of locally compact group G, are weakly sequentially complete.
Corollary 3.12. Let A be a weakly sequentially complete, separable and faithful Banach algebra satisfying A · I ϕ = I ϕ , and suppose that A is twosided ϕ-amenable. If A M is Arens regular, then there is a unique topologically two-sided invariant ϕ-mean in A.
Proof. Arens regularity of A M implies that WAP(A * M ) = A * M . By Proposition 3.11 and two-sided version of Corollary 3.8, we obtain that there is a unique topologically two-sided invariant ϕ-mean on A * M . Again by two-sided version of Corollary 3.8, there is a unique topologically two-sided invariant ϕ-mean on A * . Since A is separable, there is a bounded sequence (a n ) in A with ϕ(a n ) = 1 for all n and for each a ∈ A, aa n − ϕ(a)a n → 0, a n a − ϕ(a)a n → 0;
see [12, Proposition 3.6] . By uniqueness of topologically two-sided invariant ϕ-means on A * , we conclude that any two w * -cluster points of (a n ) are equal. Since A is weakly sequentially complete, there exists a w * -cluster point of (a n ) in A itself, which is the unique topologically two-sided invariant ϕ-mean.
Corollary 3.13. Let A be a weakly sequentially complete and separable Banach algebra and suppose that A is two-sided ϕ-amenable such that LUC(A * ) ⊆ WAP(A * ) and A · I ϕ = I ϕ . Then there is a unique topologically two-sided invariant ϕ-mean in A.
Proof. Since A is two-sided ϕ-amenable, there is a unique topologically two-sided invariant ϕ-mean on WAP(A * ), by Proposition 3.11. Moreover,
. Therefore, it follows from two-sided version of Corollary 3.8, that there is a unique topologically two-sided invariant ϕ-mean on A *
. Similarly proof of Corollary 3.12, we conclude that there is a unique topologically two-sided invariant ϕ-mean in A.
Applications to hypergroup algebras
A locally compact Hausdorff space H is a hypergroup if there is a convolution product, denoted by * , defined on M(H), the space of bounded Radon measures on H, with which several general conditions are satisfied. We refer the reader to [4] for more details on hypergroups. Suppose that dx is a left Haar measure on H and letẋ →ẋ be an involution of H. The convolution product on hypergroup algebra L 1 (H) is naturally defined to make it a Banach algebra. Define ϕ 1 :
It is not hard to show that ϕ 1 is the identity of the Von Neumann algebra L ∞ (H) such that ϕ 1 ∈ ∆(L 1 (H)) and induces L 1 (H) to a Lau algebra [14] . Note that a locally compact hypergroup H is amenable if there exists a topologically left invariant ϕ 1 -mean with norm one on L ∞ (H) [19] . In what follows, H will always be a hypergroup with a fixed left Haar measure dẋ. Let G(H) = {ẋ ∈ H : δẋ * δẋ = δẋ * δẋ = δ˙e}. Then G(H) is a closed subhypergroup of H and a locally compact group [10, 10.4C]. We put 
Let H be an spherical hypergroup associated to a locally compact group G and a spherical projector π which was introduced and studied in [15] . Then π extends to a norm decreasing linear map on various function spaces, including the Fourier algebra A(G); see [15, Remark 2.2] . A function f is called π-radial if π(f ) = f , and a measure µ is called π-radial if π * (µ) = µ. Note that H is a locally compact hausdorff space equipped with the natural quotient topology under the quotient map p : G → H. Identifying Recall that the character space ∆(A(H)) of A(H) can be canonically identified with H. More precisely, the mapẋ → ϕẋ, where ϕẋ(u) = u(ẋ) for u ∈ A(H) is a homeomorphism from H onto ∆(A(H)). The Fourier algebra A(H) is semisimple, regular and Tauberian [15, Theorem 3.13] . As in the group case, let ρ also denote the left regular representation of H on
which is called the reduced C * -algebra of H. The von Neumann algebra generated by {ρ(ẋ) :ẋ ∈ H} is called the von Neumannn algebra of H, and is denoted by V N(H). Note that V N(H) is isometrically isomorphic to the dual of A(H) and by [17, Theorem 3.5] , the set TLIM ϕė (V N(H)) is nonempty. Since A(H) is commutative, every topologically left invariant ϕ˙e-mean is automatically a topologically twosided invariant ϕ˙e-mean. For brevity, we use the term topologically invariant mean rather than topologically left invariant ϕ˙e-mean and use the following notations.
In what follows, H will always be an ultraspherical hypergroup on locally compact group G.
Remark 4.3. Let u ∈ I ϕė = {u ∈ A(H) : u(ė) = 0}. Since {ė} is a set of synthesis for A(H) by [8, Corollary 3.2], we can suppose that u has compact support. Using the regularity of A(H), we find v ∈ A(H) such that v| supp(u) ≡ 1, which implies that u = uv ∈ A(H) · I ϕė . This proves that 
Lemma 4.5. Let H be an ultraspherical hypergroup. Then the following statements are equivalent.
(i) H is discrete.
(ii) There is a unique topologically invariant mean on
Proof. (i)⇒(ii). Suppose that H is discrete. Then the characteristic function χ˙e, belongs to A(H). However, χ˙e is a topologically invariant mean in A(H). By density of A(H) in A M (H) we conclude that χ˙e is also a topologically invariant mean in A M (H). To show the uniqueness. Suppose that m is another topologically invariant mean on A M (H) * . Then topological invariance and commutativity of A M (H) implies that m = χ˙e m = m χ˙e = χ˙e.
(ii)⇒(i Following [8, Lemma 3.7] , if G is amenable, then A(H) has an approximate identity (u α ) of norm bound 1. Hence, any w * -cluster point E of (u α ) is a right identity for (V N(H) * , ) with E = 1. Also, E u = u E = u for all u ∈ A(H). Define E := E(A(H)) to be the set of all right identities of V N(H) * that are w * -cluster points of approximate identities in A(H) bounded by one. The following results are generalizing those of Lau and Losert [13] obtained for these spaces in the group setting. Therefore,
that is E n ∈ E V N(H) * Proof. Suppose that γ :
is an isometrically isomorphic. If E is a right identity of V N(H) * with norm one, then we can easily see that γ(E) is also a right identity of V N(H ′ ) * with norm one. Hence, by Lemma 4.10, we have
Consequently, LUC(Ĥ) * and LUC(Ĥ ′ ) * are isometrically isomorphic.
Let G be an amenable locally compact group. We put
It is clear that A(H) ⊆ Λ(H), since E u = u for all u ∈ A(H) and E ∈ E. (ii) E ≥ 0, u E = u for all u ∈ A(H).
(iii) E = 1 and E is a right identity for V N(H) * . (iv) E = 1 and E restricted to UCB(Ĥ) is the unit of UCB(Ĥ) * .
Proof. (i) ⇒ (ii). Since E ∈ E, it is clear that u E = u for all u ∈ A(H). Also, if u ∈ A(H) with u(ė) = 1, then E, ϕ˙e = E, u · ϕ˙e = E u, ϕ˙e = u(ė) = 1.
Since E ≤ 1, it follows that E = E, ϕ˙e = 1. This shows that E ≥ 0.
(ii) ⇒ (iii). By the same argument as used in the proof of (i) ⇒ (ii), we have E, ϕ˙e = 1. Furthermore, E ≥ 0 which implies that E = E, ϕ˙e = Therefore, E m = m. This shows that E is a left identity when restricted to UCB(Ĥ). Thus, E| UCB(Ĥ) is the unit of UCB(Ĥ) * .
(iv) ⇒ (ii). Since ϕ˙e ∈ UCB(Ĥ), by the same argument as used in the proof of (i) ⇒ (ii), we obtain that E, ϕ˙e = 1. Thus, E ≥ 0 on V N(H). Let u ∈ A(H). Since A(H) is Tauberian, we can suppose that u has compact support. Using the regularity of A(H), there exists v ∈ A(H) such that v| supp(u) ≡ 1. Since T · v ∈ UCB(Ĥ) for any T ∈ V N(H), we obtain from assumption that u E, T = E u v, T = E u, v · T = E u, T · v = u, T · v = uv, T = u, T .
